It is shown that polynomials are dense in C Φ (R n ).
where · is the Euclidean norm in R n . By C Φ (R n ) denote the normed space of continuos functions in R n such that f (x) = o(Φ(x)) as x → ∞ with the norm p(f ) = sup x∈R n |f (x)| Φ(x) .
In 1924 S. Bernstein [1] posed a problem to describe the weights Φ such that polynomials are dense in C Φ (R) and found a criterion of solvability of this problem in case when Φ is the restriction to the real line of an even entire function with positive Maclaurin series coefficients.
Bernstein's problem was investigated by many prominent mathematicians. Independent solutions were obtained by N.I. Ahiezer [2] , S.N. Mergelyan [3] and H. Pollard [4] in 1953-1954 and by L. de Branges [5] in 1959. Information on the history of Bernstein's problem can be found in surveys by N.I. Ahiezer [2] , S.N. Mergelyan [3] (see also [6] ).
Bernstein's problem in several variables was considered in [7] , [8] for some particular cases. It seems to be interesting to find easily verified conditions on Φ for density of polynomials in C Φ (R n ). 2. The main result. Let Φ be a family of semi-continuous from below
Theorem. Let Φ ∈ Φ. Then polynomials are dense in C Φ (R n ). For g ∈ B[0, ∞) let g * be its the Young conjugate:
Hence,
Thus, for any η ≥ 0
Letting here η = e t we get
Consequently,
From this (since ε > 0 is arbitrary) we obtain that
5. Proof of the Theorem. Let f ∈ C Φ (R n ). Let us approximate f by polynomials in C Φ (R n ). There are three steps in the proof.
Let h be an entire function of exponential type at most 1 such that h ∈ L 1 (R) and h(x) ≥ 0 for x ∈ R. For example, we can take
Using the Paley-Wiener theorem we can find a constant K H > 0 such that for each
Obviously, f ν,λ ∈ C(R n ) and f ν,λ is bounded. Hence,
2n+1 . For any x ∈ R n we have that
Denote the terms on the right-hand side of this equality by I 1,α (x) and I 2,α (x), respectively. Let us estimate I 1,α (x). In view of uniform continuity of function f ν in R n there is a number δ = δ(ε) > 0 such that for any t, u ∈ R n such that t − u < δ we have that |f ν (t) − f ν (u)| < ε. Then for all λ > λ 1 := δ
and all x ∈ R n we get that
Since H ∈ L 1 (R n ) then there is a number λ 2 > 0 such that for all λ > λ 2 we have that
then using the inequality (1) we obtain that
Put
It is clear that V N is a polynomial of degree at most N. We claim that the sequence (V N )
From this using (2) we can find positive constants C 1 and C 2 (not depending on N) such that for all N ∈ N,
Put ϕ(x) = ln Φ(x), x ∈ R n . For σ ∈ S n−1 := {x ∈ R n : x = 1} let ϕ σ (t) = ϕ(σt), t ≥ 0. Note that
Next, for each σ ∈ S n−1 ϕ σ ∈ B[0, ∞). Hence, by Lemma
Therefore,
Thus,
.
Returning to (3) for each N∈ N we get that
From this taking into account that m! ≥ m m e m for m ∈ N we have that
Note that uniformly for σ ∈ S In view of (5) from (4) it follows that p(f ν,λ − V N ) → 0 as N → ∞. Thus, the function f ν,λ is approximated by polynomials in C Φ (R n ). From the conclusions of all three above steps, one derives that each function f ∈ C Φ (R n ) can be approximated by polynomials in C Φ (R n ). This work was supported by the grant from RFBR 15-01-01661.
